We prove that a generic complete intersection Calabi-Yau 3−fold defined by sections of ample line bundles on a product of projective spaces admits a conifold transition to a connected sum of S 3 × S 3 . In this manner, we obtain complex structures with trivial canonical bundles on some connected sums of S 3 × S 3 . This construction is an analogue of that made by Friedman, Lu and Tian who used quintics in P 4 .
Introduction
In this paper, we deal with conifold transitions for some complete intersection Calabi-Yau 3−folds in products of projective spaces. Let us first recall some notions. The above theorem is taken from [12] . Y. Kawamata has proven similar results. A special case of the above theorem was obtained by R. Friedman in [3] .
The conifold transition process was firstly (locally) observed by H. Clemens in [2] , where he explained that locally a conifold transition is described by a suitable R. Friedman [4] , Lu and Tian [9] considered conifold transitions for quintics in P 4 . Using Theorems 1 and 2, they obtained complex structures with trivial canonical bundles on the connected sum of m copies of S 3 × S 3 for each m ≥ 2. In view of the following Corollary 1, we also obtained complex structures with trivial canonical bundles on some connected sums of S 3 × S 3 .
In this paper, we will prove that a generic complete intersection Calabi-Yau 3−fold defined by sections of ample line bundles in a product of projective spaces also admits a conifold transition to a connected sum of S 3 × S 3 .
Let X = P n 1 × · · · × P n k be a product of projective spaces of dimension
Take ample line bundles on X:
, where π j : X → P n j is the natural projection, and d
In this case, by Bertini's theorem, we know that the complete intersection Y defined by generic sections
is a smooth subscheme of X, and dimY = 3. If the lines bundles satisfy the Calabi-Yau condition:
Then Y is a Calabi-Yau 3−fold. And in this case we call Y is a complete intersection Calabi-Yau 3−fold (CICY) in X with configuration matrix:
Since H 2 (X; Z) = Ze 1 ⊕ · · · ⊕ Ze k is a free Z−module with rank k, where e i is a generator of H 2 (P n i ; Z) ≃ Z, for 1 ≤ i ≤ k. We call a smooth rational curve C in X has
Our main result is the following:
, then a generic complete intersection Calabi-Yau 3−fold Y in X with configuration matrix D contains k + 1 pairwise disjoint smooth ra- 
Proof of the Corollary:
We verify the k+1 curves in Theorem 3 satisfy the conditions in Theorem 1. Since Y is a complete intersection by sections of very ample line bundles, Lefschetz's hyperplane
then it is easy to verify the cohomology relation in Theorem 1 is satisfied by the k + 1 rational curves in Theorem 3. So we can apply Theorem 1.
Using the analysis of homology groups of Y andỸ in [11] , one can show that after the conifold transition of Y , the manifoldỸ satisfies the hypothesis in Theorem 2. This finishes the proof of the corollary.
In [5] , P.S.Green and T.Hübsch proved that the moduli spaces of complete intersection Calabi-Yau 3−folds in products of projective spaces were connected each other by conifold transitions. But their results do not imply that a generic complete intersection Calabi-Yau 3−fold admits a conifold transition to a connected sum of S 3 × S 3 . In [14] , C. Voisin proved that, among other results, that for a Calabi-Yau 3−fold, the integral homology group is generated by the fundamental classes of curves in it. In [7] and [8] , the authors studied the existence of isolated smooth rational curves in a generic complete intersection Calabi-Yau 3−fold in a projective space. So a natural problem is that whether their results can be generalized to complete intersection Calabi-Yau 3−folds in a product of projective spaces. Our results can be viewed as an attempt towards that problem.
The paper is organized as follows:
In section 2, we prove a general proposition for the existence of isolated smooth rational curves in a family of Calabi-Yau 3−folds.
In section 3, we recall a deformation proposition about isolated smooth rational curves in Calabi-Yau 3−folds.
In section 4, we combine the results in the preceding two sections and specialize them to the case of complete intersection Calabi-Yau 3−folds in a product of projective spaces, then we get the existence of k + 1 isolated smooth rational curves as in Theorem 3.
In section 5, we analyze the dimension of some incident variety and prove that the k + 1 smooth rational curves in Theorem 3 are pairwise disjoint, then this would complete the proof of Theorem 3.
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A general lemma for existence of isolated rational curves
In this section, we consider a complex projective smooth variety X and define two closed subvarieties C ⊂ Y by complete intersections of sections of line bundles. Then in some cases, we will compute the normal bundle
Suppose X is a complex projective smooth variety with dimension m + 3, m ≥ 1.
Then these sections generate a sheaf of
j=1 O Xfj , wheres j =f jẽj andẽ j is a local frame of the invertible sheafL j , 1 ≤ j ≤ m + 2. Suppose the closed subscheme C defined by I C is a smooth rational curve: C ≃ P 1 and moreover, the m + 2 sections
is a regular sequence at each point of C, that is, for any closed point p ∈ C, if around p,s j =f jẽj andẽ j is a local frame of the invertible sheafL j , then the local regular functionsf j (1 ≤ j ≤ m + 2) constitute a regular sequence at p.
Similarly as for I C , the sections s i also generate a sheaf
suppose they satisfy the following three conditions:
• For generic choice of s ji ∈ V ji , 1 ≤ i ≤ m, 1 ≤ j ≤ m + 2, the m sections
is a regular sequence at each point of C, and C is located in the smooth locus of the subscheme Y defined by the
Under the above hypothesis, we have the following proposition:
Proof. In general, if X 1 is a complex smooth subvariety located in the smooth locus of a complex variety X 2 , and the sheaf of ideal of X 2 defining X 1 is I X 1 , then we have
, where N *
Now C ⊂ Y ⊂ X, C, X are smooth and C is located in the smooth locus of Y , so we have the following exact sequence:
On the other hand, we have the following isomorphisms:
are defined as follows:
where e i is a local frame of L i and
, whereẽ j is a local frame ofL j ands j =f jẽj .
It is easy to verify that the homomorphisms ϕ andφ are well-defined and both are surjective. Since
are locally free sheaves on C with the same rank (here we have used the hypothesis that {s i } m i=1 is a regular sequence at each point of C), we get that ϕ| C is an isomorphism. Similarly,φ is an isomorphism.
In view of the above exact sequence and the isomorphisms, we get the following exact sequence of locally free sheaves on C:
Applying Hom O C (·, O C ) to this exact sequence, we get the exact sequence
The homomorphism ψ is determined as following:
Finally, Proposition 1 is a consequence of the following lemma applied to the exact sequence (1).
−modules with rank m and m + 2 respectively. Suppose
Here generic means that if we write ϕ(ẽ j ) = m i=1 f ji e i , where f ji is a homogenous polynomial of s, t with degree d ji , then the coefficients of f ji are chosen generically,
Proof. Taken homogenous polynomials f ji of s, t with degree
Denote the kernel Kerϕ as L, then as a vector space over C,
where L l is the degree l part of L and by definition,
g jẽj |g j is a homogenous polynomial of s, t with degree d j ,
So in order to prove this lemma, it suffices to prove that, for generic choices of the homogenous polynomials f ji :
Now we analyze the linear space L l .
Since degg j = d j ≥ 0, degf ji = d ji ≥ 0, we can write:
ji are coefficients of g j , f ji respectively.
Then
where the matrix A ji is:
Then it is easy to see that L l can be identified with the space of solutions of the following system of linear equations for b
It is then an elementary exercise to show that the above matrix A has full rank for generic polynomials f ji , 1 ≤ i ≤ m, 1 ≤ j ≤ m + 2. So the dimension of its solution space is equal to the difference of the number of its columns and the number of its rows.
The number of columns of the matrix A is :
The number of rows of the matrix A is:
the number of columns of A − the number of rows of A
This is just what we want. So we have proven this lemma. 
A deformation property
In this section, we will prove that for a flat family of varieties, if a member of this family contains a smooth rational curve with normal bundle O P 1 (−1) ⊕ O P 1 (−1), then a generic member of this family also contains such a rational curve. This proposition is a direct consequence of infinitesimal properties of Hilbert schemes and is more or less well known, so we will just state the proposition in a form that we will use and briefly indicate the proof.
Proposition 2. Suppose X is a smooth projective complex variety with dimension
are line bundles over X, and s
Let Y 0 be the subscheme defined by the sheaf of ideal
Suppose that there is a smooth rational curve C 0 contained in the smooth locus of Y 0 . {s
is a regular sequence at each point of C 0 and the normal bundle 
Then for a generic section s
Consider the following universal family:
where π 2 is the natural projection to S, and i : Y → X × S is a closed embedding, Consider the open subscheme U of Y such that π| U : U → S is a smooth morphism. By the hypothesis, C 0 ⊂ U . Then by Corollary (2.14) of [13] and the fact that H 1 (P 1 , T P 1 ) = 0, we know that for a generic point p of S, the fiber U p = π|
is infinitesimally rigid, so we get that for a generic point p of S, the normal bundle N Cp,Up ≃ O P 1 (−1) ⊕ O P 1 (−1).
Existence of rational curves in CICYs
Now we specialize the results in the preceding sections to Calabi-Yau 3−folds in a product of projective spaces. We will construct line bundles L i ,L j , subspaces V ji of H 0 (X, L ji ) and sectionss j ofL j as in section 2. Then we show these data satisfy the conditions of Proposition 1.
Take line bundles on X:
Suppose the line bundles satisfy the Calabi-Yau condition:
Then as we shown in section 1, generic sections s i ∈ H 0 (X, L i )(1 ≤ i ≤ m) define a complete intersection Calabi-Yau 3−fold (CICY) in X with configuration matrix:
Denote the homogenous coordinates of P n j by (X j0 , · · · , X jn j ), j = 1, · · · , k. Patch these coordinates together we get the homogenous coordinates on X:
Consider the following smooth rational curve C in X with degree (1, 0, · · · , 0):
As in section 2, this curve is defined by the following sections of line bundles:
. . .
Now we define the linear subspaces
For each 1 ≤ i ≤ m, we define the the linear subspaces V ji of H 0 (X, L ji ) in the following way:
: f (X 10 , X 11 ) is a homogenous polynomial of X 10 , X 11 with degree d
is a homogenous polynomial of X 10 , X 11 with degree d
Then it is direct to verify that all the data we have just defined: the line bundles L i ,L j , the sectionss j , the rational curve C and the spaces V ji satisfy the hypothesis in proposition 1.
Similarly, for each 1 ≤ j ≤ k, we can get a smooth rational curve with degree (0, · · · , 0, 1, 0, · · · , 0), where 1 is at the j−th place, and all the data satisfying the hypothesis in Proposition 1.
As for smooth rational curves with degree (1, · · · , 1), We can also get the data satisfying the hypothesis in Proposition 1. We just give the rational curve C and the sections of line bundles defining C. The subspaces V ji can be defined in a similar way as before.
Define the curve C as
The sections of line bundles defining C:
Finally, by Propositions 1 and 2, we get the following:
, where 1 is at the i−th place ,∀1 ≤ i ≤ k, and the degree of C k+1 is (1, · · · , 1).
Pairwise disjointness of rational curves
In this section, we will show that the k + 1 smooth rational curves in Proposition 3 are pairwise disjoint. Let us introduce some notations. We denote − → e i = (0, · · · , 0, 1, 0, · · · , 0) ∈ Z k to be the i−th standard base of Z k , where 1 is at the i−th place, for 1 ≤ i ≤ k. Let − → e = (1, · · · , 1) ∈ Z k . Then we have the following proposition: Proposition 4. Let X = P n 1 × · · · × P n k be a product of projective spaces of dimension
, then a generic complete intersection Calabi-Yau 3−fold Y in X with configuration matrix D does not contain two smooth rational curve C 1 and C 2 such that:
• The degree of C i is in the set { − → e 1 , · · · , − → e k , − → e }, ∀i = 1, 2, and the degrees of C 1 and C 2 are not equal to each other.
Proof. Firstly we collect the coefficients of the homogenous polynomials defining the CICYs to get a parametrization space for CICYs in X.
As before, denote the homogenous coordinates on X as: ··· ,d k ) to be the following linear space:
f is homogenous with respect to X i0 , · · · , X in i with degree
where π j : X → P n j is the natural projection, for 1 ≤ j ≤ k.
. Then M Y is obviously a parametrization space for CICYs in X with configuration matrix D.
Now we construct a parametrization space for rational curves in X with a fixed
Any such a rational curve is an image of the following morphism:
where X ij (s, t) is a homogenous polynomial of s, t with degree
is a quasi-projective variety in a natural way. And we let
whose elements represent smooth rational curves in X with degree (
parametrizes intersecting smooth rational curves with degree
Now construct the incident variety:
So I is a parametrization space for the set of tripes (Y, C 1 , C 2 ), where Y is a CICY in X with configuration matrix D, C 1 and C 2 are smooth rational curves in X with ··· ,d k ) be the natural projections. In order to prove the proposition, it suffices to prove dimImπ 1 
Since for each Y ∈ M Y , the fiber π 
Since each smooth rational curve has a reparametrization with dimension dimAutP 1 = 3, so we have the following equality:
So it suffices to prove the following inequality:
Next we will compute explicitly the dimensions above and prove the inequality
In this case, it is an elementary exercise to show that
Since up to a coordinates changing, we can always assume the pair of curves where (s, t) is the homogenous coordinates on P 1 .
Then we have max{dimπ 
